Abstract. Let (B, β) and (H, α) be monoidal Hom-Hopf algebras, and (B, β) be a left (H, α)-module algebra, (H, α) be a right (B, β)-comodule coalgebra. In this paper we will construct the bicrossproduct (B#H, β#α), which generalize the bicrossproduct defined on usual Hopf algebras by S. Majid.
Motivated by these ideas, in this paper, we will construct the bicrossproduct on monoidal Hom-Hopf algebras and then in the framework of monoidal Hom-Hopf algebras, we will consider the Drinfeld double which could be deduced from the bicrossproduct Hopf algebra and the quasitriangular structure.
This paper is organized as follows. In section 1, we will recall the definitions and results of monoidal Hom-Hopf algebras, such as a monoidal Hom-algeba, a monoidal Hom-coalgebra, a monoidal Hom-module, a monoidal Hom-comodule and the Hom-smash products. In section 2, we will introduce the notion of bicrossproduct (B#H, β#α), and we will give the necessary and sufficient conditions for (B#H, β#α) to form a monoidal Hom-Hopf algebra, generalizing the bicrossproduct defined in [1] . An example will be given at the end of this section.
In section 3, we will construct a class of bicrossproduct monoidal Hom-Hopf algebras. In Section 4, we will construct the Drinfeld double from the bicrossproduct monoidal Hopf algebra and obtain its quasitriangular structure. We also prove that it is a solution of quantum Hom-Yang-Baxter equation.
Throughout this article, all the vector spaces, tensor product and homomorphisms are over a fixed field k. We use the Sweedler's notation for the terminologies on coalgebras. For a coalgebra C, we write comultiplication ∆(c) = c 1 ⊗ c 2 for any c ∈ C.
Preliminaries
Let M k = (M k , ⊗, k, a, l, r) be the category of k-modules. Now from this category, we could construct a new monoidal category H(M k ). The objects of For any objects (M, µ) and (N, ν) in H(M k ), the monoidal structure is given by (M, µ) ⊗ (N, ν) = (M ⊗ N, µ ⊗ ν), and the unit is (k, id k ).
Generally speaking, all Hom-structure are objects in the monoidal categorỹ H(M k ) = (H(M k ), ⊗, (k, id k ),ã,l,r) as introduced in [6] , where the associativity THE BICROSSPRODUCT MONOIDAL HOM-HOPF ALGEBRA AND DRINFELD DOUBLE 3 constraintã is given by the formulã
for any objects (M, µ), (N, ν), (L, λ) in H(M k ). And the unit constraintsl andr are defined bỹ
The categoryH(M k ) is called the Hom-category associated to the monoidal cat-
In what follows, we will recall the definitions in [6] on the monoidal Hom-associative algebras, monoidal Hom-coassociative coalgebras, monoidal Hommodules and monoidal Hom-comodules.
Recall from [6] , a unital monoidal Hom-associative algebra is an object (A, α)
in the categoryH(M k ) together with an element 1 A ∈ A and a linear map m :
In the setting of Hopf algebras, m is called the Hom-multiplication, α is the twisting automorphism, and 1 A is the unit. Let (A, α) and (A ′ , α ′ ) be two monoidal Hom-algebras. A Hom-algebra map f : (A, α) → (A ′ , α ′ ) is a linear map such that
Obviously (A op , α) is also a Hom-algebra.
Recall from [6] , a counital monoidal Hom-coassociative coalgebra is an object (C, γ) in the categoryH(M k ) together with linear maps ∆ : C → C ⊗C, c → c 1 ⊗c 2 and ε : C → k such that
for all c ∈ C.
Let (C, γ) and (C ′ , γ ′ ) be two monoidal Hom-coalgebras. A Hom-coalgebra
Recall from [9] : let (H, α) be a monoidal Hom-bialgebra, and (B, β) be a monoidal Hom-coalgebra. We say (B, β) is a left (H, α)-Hom-module coalgebra if (B, β) is a left (H, α)-Hom-module with the action · and satisfies
for any a ∈ B and h ∈ H.
Recall from [9] , let (B, β) be a left (H, α)-Hom-module algebra. The Homsmash product (B#H, β#α) of (B, β) and (H, α) is defined as follows:
(a) B#H = B ⊗ H as a vector space,
Then (B#H, β#α) is a monoidal Hom-associative algebra with the unit 1 B #1 H .
The bicrossproduct construction
In this section, we will construct the bicrossproduct of two monoidal HomHopf algebras. Firstly dual to the concept of Hom-module algebra, we have the definition of Hom-comodule coalgebra as follows:
Recall from [10] : let (H, α) be a monoidal Hom-bialgebra, and (C, γ) be a monoidal Hom-coalgebra. We say (C, γ) is a right (H, α)-Hom-comodule coalgebra, if (C, γ) is a right (H, α)-Hom-comodule and with the coaction ρ(c) = c (0) ⊗ c (1) and (a) 
(by coassociativity)
(by comodule condition)
On the other hand
Hence we have the Hom-coassociativity.
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Secondly
We have that (B#H, β#α) is a monoidal Hom-coalgebra. The proof is completed.
Here we will call (B#H, β#α) Hom-smash coproduct as in [10] .
Before the next proposition, we have the following identities by the coassociativity:
Proposition 2.2. Let (B, β) and (H, α) be two monoidal Hom-Hopf algeberas.
(B#H, β#α) is a Hom-smash product and also a Hom-smash coproduct defined as above, then (B#H, β#α) is a Hom-bialgebra if and only if
And by ε((a#h)(b#k)) = ε(a#h)ε(b#k) we have
Hence
we have
(2.5)
Let a = 1 and k = 1
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Applying id ⊗ ε H ⊗ id ⊗ ε H to both sides of (2.6), we have
Applying ε B ⊗ id ⊗ id ⊗ ε H to both sides of (2.6), we have
Applying ε B ⊗ id ⊗ id ⊗ ε H to both sides of the above equation, we have
Conversely if the condition (a), (b), (c) (d) and (e) are satisfied,
And it is easy to check that ε((a#h)(b#k)) = ε(a#h)ε(b#k). Therefore (B#H, β#α)
is a monoidal Hom-bialgebra. The proof is completed. Define the antipode by Proof. For any a#h ∈ B#H,
That is S * id = ε. Similarly we have id * S = ε. This completes the proof.
Remark 2.4. In the Proposition 2.2, if the module action is trivial, that is
we have a bicrossproduct with monoidal Hom-smash coproduct and tensor product. If the comodule is trivial, that is ρ(h) = α −1 (h) ⊗ 1, we have a Hom-smash with monoidal Hom-smash product and tensor coproduct.
Next we will give an example.
Example 2.5. Let B = span{1, x} over a fixed field k with chark = 2. β is a k-linear automorphism of B by
Define the multiplication on B by β) is a Hom-associative algebra; the comultiplication and the counit by
then (B, β) is a monoidal Hom-Hopf algebra.
Let H = span{1, g|g 2 = 1} be the group algebra. Then obviously (H, id) is a monoidal Hom-Hopf algebra.
Define the left action of H on B by · : H ⊗ B → B by
Then it is easy to check that (B, β) is a left (H, id)-module algebra.
Define the right coaction of B on H ρ :
then we can verify that (H, id) is a right (B, β)-comodule coalgebra, and the conditions in the above proposition can be satisfied. Hence we have a monoidal Hom-Hopf algebra (B#H, β#id), where
As to the multiplication, it is the same as in the Example 3.7 in [10] .
A class of monoidal Hom-Hopf algebras
In this subsection, we will construct a class of monoidal Hom-Hopf algebras as an application. 
for any h, a ∈ H.
Proof. For any h, k, a, b ∈ H, firstly, 1 · a = α(a), and
and
This completes the proof.
Lemma 3.2. Let (H, α) be a monoidal Hom-Hopf algebra. Define the right coaction
for any h ∈ H.
Proof. For any h ∈ H, firstly
Now we have the following result. 
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Proof. For any h, k, a, b ∈ H, firstly
By the above proposition, the Hopf algebra structure on (H * H op , α * α) is given by
for any a, b, h, k ∈ H.
Drinfeld Double of monoidal Hom-Hopf algebras
In this section, we will introduce Drinfeld double of monoidal Hom-Hopf algebras. The monoidal Hom-Hopf algebras in this section are all finite-dimensional.
First we have the following definition: 
with the compatible conditions:
By the above definition, we have 
and tensor coproduct.
The antipode is defined by
Proof. Firstly the unit and counit are easy to verify.
And
Obviously ε = ε B ⊗ ε H is a monoidal Hom-algebra map.
Finally it is straightforward to check that (
Proposition 4.3. In the bicrossproduct (B#H, β⊗α) defined as before, if we define
and ⊳ : 
Then f ⊲ (hk) = < f, β((hk) (1) ) > α 2 ((hk) (0) )
This completes the proof. 
for any h, k ∈ H and f, g ∈ H * .
Proof. By the above proposition, it is straightforward to get this result. Remark 4.7. Note that the above definition is different form Definition 2.7 in [8] .
In the above definition, we will denote R = R (1) ⊗ R (2) throughout this section. Therefore we could rewrite the equalities (c) and (d) as follows:
Example 4.8. Let H be the monoidal Hom-algebra generated by the elements 1 H , g, x satisfying the following relations: Then (H, α) is a monoidal Hom-Hopf algebra. Let R = 1 2 (1⊗1+1⊗g +g ⊗1−g ⊗g). It is easy to check that (H, α, R) is quasitriangular.
